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Abstract
We present a new fitting method that can robustly and accurately fit the complex transmission
curve of a superconducting resonator in the nonlinear regime. This method takes into account
the varying internal current in the resonator at different frequencies and the nonlinear
dependence of the inductance on the internal current L= L0(1+ I2/I2∗), where I∗ is a
characteristic current. We demonstrate using this method to retrieve important resonator
parameters, such as the quality factor and the resonance frequency, from resonators driven
below, near, and above bifurcation. We further use this method to retrieve I∗ for lumped-element
TiN resonators with various inductor designs. By fitting the resonance frequency shift at
different readout powers of each resonator, we can determine the characteristic current I∗, which
is found to be linearly related to the cross-sectional area of the narrow inductor strip. Our
method has wide applications in superconducting detector, superconducting qubit and
parametric amplifier data analysis where the resonator is driven in the nonlinear regime.

Keywords: nonlinear superconducting resonator, kinetic inductance detector,
superconducting microresonator

(Some figures may appear in colour only in the online journal)

1. Introduction

Superconducting microresonators [1] have been widely
used in many scientific applications, such as photon detec-
tion [2], superconducting quantum computing [3], and
quantum-limited parametric amplifiers [4]. For example,
microwave kinetic inductance detectors (MKIDs) [5] are

∗
Authors to whom any correspondence should be addressed.

high-quality (high-Q) superconducting microresonators
multiplexed in the microwave frequency range into large
arrays for sensitive power detection at millimeter and sub-
millimeter wavelengths [6–8]. MKIDs can also serve as
single photon-counting and energy-resolving detectors for
x-ray/ultraviolet/optical/near-infrared photons [9–14].

It is well known that the behavior of the superconduct-
ing microresonator is readout power dependent. In partic-
ular, the resonance curve becomes distorted as the readout
power increases. Above a certain power level known as the
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bifurcation point [1] the resonance curve becomes discon-
tinuous and standard fitting models no longer apply. While
various physical mechanisms [15] may lead to nonlinearity
in the resonator, including power-dependent current distribu-
tion [16], effective quasi-particle temperature variations due to
readout power [17, 18], local heating of weak links [19], the
intrinsic kinetic inductance nonlinearity [20] usually dominate
for high-Q resonators at temperatures well below the trans-
ition temperature Tc. MKIDs usually operate at a high readout
power close to bifurcation to maximize the signal-to-noise
ratio. Operation of MKIDs beyond the onset of bifurcation has
been studied by [21]. Besides, the nonlinearity in the Joseph-
son junction inductance and the kinetic inductance are utilized
to construct quantum-limited parametric amplifiers, includ-
ing Josephson parametric amplifier (JPA) [22], Josephson
junction travelling-wave parametric amplifier (JJ-TWPA) [23]
and kinetic-inductance traveling-wave parametric amplifier
(KI-TWPA) [24–26], as well as to create novel tunable super-
conducting devices, such as frequency and coupling tun-
able superconducting resonator devices [27, 28]. All of these
devices would be better understood by analyzing resonator
behavior in the nonlinear regime.

In this paper, we develop a new fitting method and apply
it to study the nonlinear superconducting microresonators.
First, we present a new and robust fitting model to accurately
extract useful resonator parameters in the nonlinear regime.
Our method fits in the complex transmission S21 plane and
is different from the approach used in [21] where an implicit
cubic equation is solved. Second, we apply our fitting method
to a superconducting TiN resonator made from TiN/Ti/TiN tri-
layer films [6] and demonstrate that our method can fit the
transmission data below, near and above the bifurcation point.
Third, we explore the nonlinearity and derive the characteristic
current I∗ for lumped-element TiN resonators with various
inductor geometries. The effects of non-ideal lumped circuits
are also considered. As expected, the derived I∗ is propor-
tional to the width (cross-sectional area since the thickness is
fixed) of the narrow inductor strip, validating our nonlinear fit-
ting method. This allows us to reliably predict the maximum
readout power once the resonator geometry and material are
chosen.

2. Fitting principle

2.1. Linear fitting principle

The complex transmission at low power for a superconducting
resonator coupled to a feed-line is given by [29, 30]:

z( f) = S21( f) = Ae−2πjfτ

1− Q/Qce jϕ0

1+ 2jQ
(
f−fr 0
fr 0

)
 , (1)

where f is the probe frequency, A is a complex constant
accounting for the gain, loss and phase shift through the sys-
tem, τ is the cable delay constant depending on the length of

cables, ϕ0 accounts for impedance mismatch, and j is the ima-
ginary unit. The important resonance parameters include the
total quality factor Q, coupling quality factor Qc and reson-
ance frequency fr0. In the linear regime (low readout power),
many approaches have been developed in order to precisely
determine the resonance parameters [31]. In the following, we
first briefly review our linear fitting principle, which has been
well discussed in appendix E in Gao’s thesis [32].

As shown in figure 1(a), the measured raw data (a set of
{fi,zi}, with i= 1,2, . . . , denoting the ith data point) for a
superconducting TiN resonator driven at low power is plotted
as green dots. After removing the cable delay term by mul-
tiplying zi with e2πj( f1−fi)τ , we obtain the orange trace, which
can be fitted by a black circle centered at zc (black cross) using
a circle fitting procedure [33]. Then the phase angle θ of each
data point with respect to zc as a function of f is fitted to the
model:

θ( fi) = θ0 + 2tan−1 [−2Q( fi− fr0)/fr0] , (2)

where θ0 is the phase angle at resonance frequency. By imple-
menting a robust nonlinear least-squares minimization:

min

{
n∑
i=1

|θi− θ( fi)|2
}
, (3)

where θi is the measured phase angle at f i, we can determine
the fitting parameters including fr0, Q and θ0. The red curve
in figure 1(b) is the fitted phase-frequency curve, which shows
good agreement with the experimental data (blue curve). The
coupling quality factor Qc and internal quality factor Qi can
then be extracted from a geometric relationship determined by
equation (1), which has been discussed in [29].

2.2. Nonlinear fitting principle

As the readout power increases, the measured resonance curve
becomes distorted. At a certain power level (bifurcation point),
the discontinuity begins to appear in the transmission curve.
This phenomenon can be qualitatively understood by consid-
ering the internal current in the resonator and its induced fre-
quency shift through the nonlinear kinetic inductance. As the
frequency sweeps upward towards the resonance frequency,
the internal current increases, leading to an increase in the kin-
etic inductance, which in turn causes the resonance frequency
to shift downward. This positive feedback further reduces the
frequency detuning, which can result in the switching behavior
seen in transmission.

Here we introduce a nonlinear fitting method, which can
be seen as an extension from the above linear fitting method.
The key modification is that we introduce a current-dependent
instantaneous resonance frequency fr(I) to replace the fixed fr0
in equation (1):

z( f) = Ae−2πjfτ

1− Q/Qcejϕ0

1+ 2jQ
(
f−fr(I)
fr(I)

)
 , (4)
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Figure 1. (a) The linear fitting principle in the complex plane at low readout power. O is the origin, zc is the resonance circle center, and θ is
the measured phase angle with respect to zc at the probe frequency f. By fitting θ at each data point with f to equation (2), we can obtain the
resonance point zr and the off-resonance point zoff. Note that zr, zc and zoff are collinear points. The geometric relationship between θ0 and
ϕ0 is also shown in this figure. (b) Experimental and fitted phase-frequency curve. We fit the data in a frequency span ≈4fr0/Q, between the
symbols△ and □. The black circle marks the resonance point with phase angle θ0.

where I is the magnitude of the internal current in the res-
onator. Note that we assume the other parameters (Q, Qc,
etc) are current independent, which is valid for pure nonlin-
ear inductive effect with very low dissipation. Considering the
quadratic current-dependent nonlinearity in the kinetic induct-
ance [34, 35]:

Lk(I) = Lk0

[
1+

(
I
I∗

)2
]
, (5)

where Lk0 is the kinetic inductance in the zero current limit
and I∗ is a characteristic current on the order of the critical
current, the instantaneous resonance frequency shift can be
written as:

fr(I) = fr0

(
1− αI 2

2I2∗

)
, (6)

where fr0 = fr(I= 0) can be obtained by a linear fit applied to
the low-power S21 data andα is the kinetic inductance fraction.

Next, we derive an important relationship in the complex
z-plane that allows us to embed equation (6) into the fitting
model. Figure 2(a) shows a 3-port networkmodel of a lumped-
element resonator and figure 2(b) is a plot of the complex S21
interpreted as a phasor diagram of the output waves. The out-
put waves from port-2 consist of two components: the directly
transmitted wave A2 and the wave leaked out of the resonator
to port-2 B2. A2 can be understood as the background trans-
mission without any resonator or far from the resonance, thus
it is indicated by the blue arrow from origin to off-resonance
point (zoff) in figure 2(b). On the other hand, B2 is indicated
by the red arrow from zoff to a certain probe frequency point
(z-point). The sum ofA2 andB2 results in the forward transmis-
sion S21 at point z. Because the leakage wave |B2|2 ∝ E|S31|2,

Figure 2. (a) 3-port network model for a lumped-element resonator,
which is capacitively coupled to the feed-line. The resonator has a
magnetic inductance Lm and a current-dependent kinetic inductance
Lk(I). A1 is the incident wave into port-1 and A2 is the directly
transmitted wave to port-2. Around resonance, there are reflected
waves from the resonator (port-3) to port-1 and port-2, which are
denoted by B1 and B2 respectively. (b) The complex S21 is
interpreted as a phasor diagram of the output waves at port-2. We
prove that the resonator current at a probe frequency (z-point) is
proportional to |B2|, i.e. the magnitude of the difference in the
complex S21 between the probe frequency and the off-resonance
point zoff.

where E= LI2/2 is the energy stored in the resonator and the
scattering parameter S31 is unchanged in a narrow frequency
band, we arrive at the relationship:

|B2|2 = |z− zoff|2 ∝ I 2. (7)

Equation (7) shows that the current in the resonator is pro-
portional to the magnitude of the complex S21 value’s differ-
ence between the probe frequency and the off-resonance point.
With equation (7), we can rewrite equation (6) into:

fr(I) = fr0
(
1−β|z− zoff|2

)
, (8)
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Figure 3. (a) Nonlinear fit of the resonance circle around the bifurcation point in the complex plane. The red arrow shows the direction of
increasing frequency. The data points are crowed on the high frequency side and sparse on the low frequency side around the discontinuity.
(b) Experimental and fitted phase-frequency curve, showing good agreements. The resonance frequency is shifted to a lower value below fr0.
The inset shows the small fitted phase error (difference between the measured and fitted phase) with frequency.

where β is a proportional factor. Finally, the phase-frequency
fitting model equation (2) is modified to:

θ( fi) = θ0 + 2tan−1
[
−2Q( fi− fr0 +β|z( fi)− zoff|2)/fr0

]
.
(9)

In practice, fr0, Q, β, θ0 and zoff can all be determined through
this nonlinear fitting procedure.

Figure 3 shows the nonlinear fitting results around the
bifurcation point. Compared to figure 1, the same resonator
is driven at a microwave power of 8 dB higher. We can see
a discontinuity in the complex transmission (figure 3(a)) and
phase-frequency curve (figure 3(b)), which both fit well with
our method. The inset in figure 3(b) is a plot of the fitted phase
error as a function of frequency, showing that the typical phase
error is within 0.01 radian. Here we want to emphasize that
these data can also be fitted well by using the method in [21].
However, the authors in [21] have to solve an implicit cubic
equation with a trial nonlinear parameter (see equation (10)) to
obtain the current-dependent resonance frequency fr(I), which
complicates their fitting procedure. Our approach can expli-
citly express fr(I)with equation (8) and embed it into the fitting
model (equation (9)), so that a robust nonlinear least-squares
minimization can be directly applied to the phase-frequency
data. Therefore our nonlinear fitting method is easier and more
efficient to implement. Furthermore, our method can be easily
extended to study nonlinear kinetic inductance with higher-
order current dependence, e.g. the case when I4 terms need to
be taken into account for higher powers.

3. Application to TiN resonators

Our resonator devices are fabricated from a thin (≈18 nm
thick) superconducting TiN/Ti/TiN trilayer film (Tc ≈ 1.4 K)
on 380 µm thick Si substrate. The photon-noise limited

sensitivity has been experimentally demonstrated at 250 µm
in the feedhorn-coupled MKIDs made of the TiN trilayer
film [6]. Figure 4(a) shows a standard lumped-element reson-
ator (referred to ‘standard resonator’ in the following) design
comprising a large interdigitated capacitor (IDC) in parallel
with a narrow one-turn inductive strip (inductor). By com-
paring the resonance frequency from simulation and experi-
ment, we obtain the sheet inductance of the TiN trilayer film
≈71.1 pH/□. From the simulations, we also obtain the IDC
capacitance C≈ 2.90 pF. This allows us to determine the total
inductance of the standard resonator L0 ≈ 7.77 nH due to the
measured resonance frequency≈1.06 GHz. Figure 4(b) shows
the simulated current density distribution on resonance, where
we can see the current is uniformly distributed in the narrow
inductor strip.

To experimentally study the kinetic inductance nonlinear-
ity, we fabricate two types of chips (labeled as Chip1 and
Chip2) and each chip has a group of resonators with same
IDC but different inductor designs. Both Chip1 and Chip2
include a standard resonator. For Chip1, we change lind and
wind while roughly fixing the value of lind/wind so that all res-
onators have approximately the same inductance and therefore
similar resonance frequencies. For Chip2, we study resonat-
ors with combinational designs of different lind and wind. The
detailed designs of resonators on Chip1 and Chip2 are listed
in appendix C (see tables C1 and C2).

The tested chip is glued into a copper box, which is placed
at the cold stage in an adiabatic demagnetization refrigerator
(ADR) with a base temperature of 40 mK. The input excitation
signal is generated by a microwave source and attenuated by
about 40 dB before entering the chip box. The output signal
is amplified by a low-noise SiGe amplifier at 3 K stage and
further amplified by a room-temperature microwave amplifier.
The complex transmission S21 is then measured with a vector
network analyzer (VNA).
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Figure 4. (a) Standard design of TiN trilayer lumped-element resonator: inductor length lind = 590 µm, inductor width wind = 10 µm, IDC
finger width wIDC = 5 µm, IDC finger gap wgap = 5 µm, IDC frame width = 50 µm and IDC area ≈0.8 mm × 0.8 mm. (b) Simulation
shows the current is mainly distributed in the narrow inductor strip and the current in the IDC fingers is considerably smaller. Because the
resonator is not an ideal lumped-element circuit, there is a finite current distribution in the IDC frame (upper, lower and right side of IDC)
which has a finite contribution to the total inductance of the resonator.

Figure 5(a) shows the measured |S21|2 with upward fre-
quency sweeping for the standard resonator (on Chip1) at four
different readout powers. A parameter a, which is proportional
to the readout power, can be introduced to characterize the
nonlinearity [21]:

a=
αωrCPinQ3

QcI2∗
, (10)

where Pin is the input power to the feed-line, C is the resonator
capacitance and ωr = 2πfr is the resonance frequency. To cal-
culate a, we need to know all the parameters in equation (10).
Among these parameters, Q and Qc can be obtained from fit-
ting, while the determination of Pin, α and I∗ will be discussed
in next paragraph. For figure 5(a), a ranges from 0.0014 to
1.39, corresponding to the conditions from far below to well
above bifurcation because a≈ 0.8 corresponds to the onset of
bifurcation [21]. With increasing power, the resonance shifts
to lower frequency and a sharp edge develops on the left
side of the resonance dip. Figure 5(b) shows the measured
and fitted phase-frequency curves. With increasing power, the
data points become sparse around resonance and finally a dis-
continuity shows up. The good agreements between experi-
ments and fittings demonstrate that our method can faithfully
fit data below, near and above bifurcation. Figure 5(c) shows
the measured transmission in the complex plane. All reson-
ance circles have the same radius, indicating the purely react-
ive effects are dominant.

Figure 5(d) shows the measured fractional resonance fre-
quency shift δfr/fr0 as a function of the square of resonator
current I2, demonstrating a linear relationship between δfr/fr0
and I2. On resonance and for perfect impedance matching con-
ditions, the resonance current can be obtained from the follow-
ing expression (see appendix A):

I2 =
2ωrCPinQ2

Qc
. (11)

In principle, Pin can be calculated by subtracting the circuit
attenuation and losses before the feed-line from the norm-
inal readout power. However, it is difficult to exactly determ-
ine Pin due to difficulties in measuring cryogenic attenuation
and losses, which are both temperature and frequency depend-
ent. Also because equation (11) is not valid for impedance
mismatching conditions, the absolute value of I2 can only
be determined within a few dB accuracy. From the slope
of figure 5(d) and using equation (6), one can derive the
characteristic current I∗ once the kinetic inductance fraction
α is known. If we take the resonator as an ideal lumped-
element circuit, i.e. the current-induced kinetic inductance
change is only attributed to the narrow inductor strip, we
have α= Lk0,ind/L0 ≈ 0.54, where the kinetic inductance of
the inductor strip Lk0,ind ≈ 4.19 nH and the total inductance of
resonator L0 ≈ 7.77 nH. In this case, we obtain I∗ = 4.9 mA
for the standard resonator. However, the resonator is not a
perfect lumped-element circuit. As shown in appendix B (see
equation (B.6)), the kinetic inductance fraction can be cor-
rected to α ′ = α(1+ η) if we strictly consider the current-
induced kinetic inductance change from the whole resonator.
Here η = δLk,frame/δLk,ind is the ratio of kinetic inductance
change in IDC frame to the kinetic inductance change in
inductor. η is usually a small factor (e.g. η ≈ 3% for the stand-
ard resonator) for typical lumped-element resonator designs
because the current and kinetic inductance is mainly distrib-
uted in the narrow inductor strip. Therefore, it is a good
approximation to only consider the kinetic inductance change
of the narrow inductor strip in this work.

The inset of figure 5(d) shows the extracted Qi and Qc

with the resonator current. We can see both Qi and Qc remain
unchanged over a wide range of readout power. This is reas-
onable sinceQc is mainly determined by the coupling strength
between the resonator and feed-line. The unchanged Qi is a
manifest of nonlinearity being purely reactive and not adding
any dissipation. We think the absence of dielectric loss is due

5
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Figure 5. (a) Measured |S21|2 for the standard resonator at four different readout powers, corresponding to conditions of far below
(a= 0.0014) to well above bifurcation (a= 1.39). The resonance frequencies are marked by the black circles. (b) Nonlinear fit of the
phase-frequency curves show good agreements with experiments. (c) Measured resonance circles have same radius at selected readout
powers. (d) The resonance frequency shift δfr/fr0 shows a good linear relationship with I2. Note that the four red solid circles correspond to
the data points at the four selected readout powers (the lowest power−109 dBm corresponds to resonator current I≈ 2.7× 10−3 mA). From
the slope we can derive the characteristic current I∗. The inset shows both Qi and Qc remain unchanged over a wide range of readout power.

to the TiN/Ti/TiN trilayer structure [36], which suppresses
oxidation by protecting the Ti film and reduces the surface and
interface two-level systems.

Chip1 has 7 resonators with inductor width wind vary-
ing from 1 to 30 µm. The design of close value lind/wind
makes all the resonances appear in a narrow frequency band
between 1.035GHz and 1.07GHz. Themeasured transmission
is shown in figure 6(a), where we can see a flat background
transmission, indicating Pin is similar for all resonances. This
helps reduce the relative error in calculating resonance cur-
rent (equation (11)) for different resonators. In figure 6(b), we
plot the resonance frequency shift as a function of I2 for all
the resonators on Chip1. All curves show a linear relationship
with I2, thus we can extract I∗ for each resonator. The derived
I∗ as a function of wind is plotted in figure 6(c), showing a
good linear relationship between I∗ and wind. Note that for the

resonator with wind = 10 µm, we have two identical designs
but with different coupling quality factor (Qc = 14.0× 103

and 53.2× 103, respectively). The derived I∗ for these two
resonators is very close (relative deviation ≈4.7%). These all
indicate that I∗ is linearly related to the cross-sectional area of
the inductive strip. Considering the TiN trilayer is 18 nm thick,
we can derive a characteristic current density J∗ = 27.2 mA
µm−2. This suggests that we can reliably predict the nonlin-
ear effect, in particular the maximum readout power before
bifurcation occurs, once the resonator geometry and material
are chosen.

Figure 6(d) shows the derived I∗ for the resonators on
Chip2. Chip2 has 9 resonators, which can be classified into
3 groups based on the inductor width wind. Group 1 contains
Res. 1–3 with wind = 5 µm, Group 2 contains Res. 4–6 with
wind = 10 µm, and Group 3 contains Res. 7–9 with wind =

6
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Figure 6. (a) Measured |S21|2 for the resonators on Chip1, showing 7 resonance dips around 1 GHz. The fourth resonance (from left)
corresponds to the standard resonator, which is used to draw figure 5. (b) The resonance frequency shift δfr/fr0 shows linear relationship
with I2 for the 7 resonators with various inductor width from 1 to 30 µm. (c) The derived characteristic current I∗ is linearly related to
inductor width. (d) The derived I∗ for the 9 resonators on Chip2.

20 µm. Each group includes three resonators with different
inductor lengths. We can see the average I∗ for each group
agrees well with the results of Chip1, which further confirms
that I∗ for a superconducting strip is proportional to its cross-
sectional area. However, the derived I∗ for each group shows
a certain fluctuation, which may mainly come from the uncer-
tainty in determining Pin and I because the resonances are in
a wider frequency band (0.6 GHz–1.5 GHz) with a fluctuating
transmission background. There is also uncertainty in determ-
ining the kinetic inductance ratio α for different resonators,
which can also cause uncertainty in deriving I∗. Another pos-
sible reason is that the properties of superconducting film may
vary from one resonator to another. Although the resonator
device is made from a thin and uniform TiN/Ti/TiN trilayer
film [36], which has a constant thickness (within 5%) and Tc
(within 2%) across the 75 mm wafer, the proximity effect [37]
among the three layers may still lead to subtle differences

in the interfaces and affect I∗ uniformity. In fact, we fabric-
ate and test two nearly identical resonators, with very close
resonance frequency and coupling quality factor. The derived
I∗ shows little difference (within 3%), while the derived I∗ for
the 3 groups of resonators on Chip2 shows bigger difference
≈8.6%–14.3%. This indicates the material aspects might have
a small contribution to I∗ fluctuation, but do not play a major
role.

4. Conclusion

In conclusion, we present a new fitting method that can
robustly and accurately fit the resonance curve in the com-
plex S21 plane of a nonlinear superconducting resonator with
current-dependent inductance. We demonstrate using this fit-
ting method to successfully retrieve resonator parameters from
transmission data below, near and above bifurcation. We

7
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further use this method to retrieve I∗ for lumped-element TiN
resonators with various inductor designs. For each resonator,
the fitted resonance frequency shift shows linear relationship
with readout power, and from the slope the characteristic
current I∗ can be derived. We find good linear relationship
between I∗ and the cross-sectional area of the inductor. Our
fitting method can serve as a standard fitting approach for
superconducting detector, superconducting qubit and paramet-
ric amplifier data analysis where the resonator is driven in the
nonlinear regime.
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Appendix A. Derivation of resonance current

Figure A1 shows the 2-port equivalent circuit model for the
tested superconducting resonator. The input power into port 1
is Pin, which can be reflected at port 1 to the generator, trans-
mitted past the resonator at port 2 to the load, and dissipated in
the resonator. According to the energy conservation, we have:

V2

R
= Pin(1− |S11|2 − |S21|2). (A.1)

For conditions ofωCcZ0 ≪ 1 and close to resonance frequency
ωr = 1/(LC)1/2, the reflection S11 and transmission S21 can be
easily derived:

S21 = 1− Q/Qc

1+ 2jQx
, S11 =

Q/Qc

1+ 2jQx
, (A.2)

where x= (ω−ωr)/ωr is the fractional frequency detuning,
Qc = 2C/(Z0ωrC2

c) is the coupling quality factor, Qi = ωrRC
is the internal quality factor, and Q is the total quality factor
with 1/Q= 1/Qc+ 1/Qi. Then the resonator voltage and cur-
rent can be derived:

V2 = Pin
2Q2

QcωrC
1

1+ 4Q2x2
, (A.3)

I2 =
V2

ω2L2
≈ V2ω2

rC
2 = Pin

2Q2ωrC
Qc

1
1+ 4Q2x2

. (A.4)

Figure A1. Equivalent circuit for a lumped-element resonator,
which is capacitively coupled to the feed-line via a small
capacitance Cc. The circuit is impedance matched everywhere,
i.e. the impedance of microwave generator, transmission line and
load are all Z0. V denotes the root-mean-square (RMS) amplitude of
voltage across the resonator and I denotes the RMS amplitude of
current in the resonator.

On resonance, x= 0, equation (A.4) reduces to equation (11).
Note that this relation holds only for impedance matching con-
ditions.

Appendix B. Effects of non-ideal lumped-element
circuit

As shown in figure 4(a), the resonator has a lumped-element
design with a narrow inductive strip which is referred as the
‘inductor’ throughout this paper. We try to derive the char-
acteristic current I∗ for this narrow inductive strip with dif-
ferent widths. However, the resonator is not an ideal lumped-
element circuit which complicates the analysis. As shown in
figure 4(b), although the current is mainly distributed in the
inductor, there is a finite and position-dependent current dis-
tribution in the 50µmwide IDC framewhich connects the IDC
fingers (purely capacitive) and the inductor (purely inductive).
Therefore the IDC frame also contributes to the inductance
change as readout power (resonator current) changes. Then the
total kinetic inductance change of the whole resonator δL can
be divided into two parts: the kinetic inductance change in the
narrow inductor strip δLind and in the IDC frame δLframe. The
corresponding resonance frequency shift can be written as:

δfr
fr0

=−1
2
δL
L0

=−1
2
δLind+ δLframe

L0
, (B.1)

where L0 is the total inductance at low-power, which is about
7.77 nH for the standard resonator.

Supposing the amplitude of the resonance current in the
inductor is I, the current dependent kinetic inductance change
in the inductor is given by:

δLk,ind =
I2

I2∗
Lk0,ind, (B.2)

where Lk0,ind is the kinetic inductance of inductor strip at low-
power limit, which is about 4.19 nH for the standard resonator.

8
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To calculate δLframe, we model the IDC frame as a quasi-one-
dimensional transmission line with distributive kinetic induct-
ance L̃k0,frame per unit length and position-dependent current
amplitude I(x), which approaches 0 at the position far from the
inductor and reaches its maximum value I nearby the inductor.
From a transmission line modal analysis, one can derive that
the equivalent kinetic inductance change is weighted by the
square of the current distribution:

δLk,frame =
ˆ

I2(x)
I2

δL̃k,frame(x)dx, (B.3)

where δL̃k,frame(x) is the position-dependent kinetic inductance
change per unit length in the frame, which takes the form:

δL̃k,frame(x) =
I2(x)

I2∗,frame
L̃k0,frame, (B.4)

where L̃k0,frame is the kinetic inductance per unit length of IDC
frame at low-power limit. In equation (B.4), I∗,frame is the char-
acteristic current for the IDC frame.We reasonably assume the
characteristic current is proportional to the width of the super-
conducting strip so that we have I∗,frame = (wframe/wind)I∗.
Then equation (B.3) can be written as:

δLk,frame =
ˆ (

I(x)
I

)4( wind
wframe

)2 I2

I2∗
L̃k0,framedx. (B.5)

Note that the factor of (I(x)/I)4(wind/wframe)2 in
equation (B.5) is much smaller than 1 for typical lumped-
element designs because wind ≪ wframe and the IDC frame
has a smaller current distribution (I(x)< I). We further

define η = δLk,frame/δLk,ind, then equation (B.1) can be
simplified to:

δfr
fr0

=−1
2
I2

I2∗

Lk0,ind
L0

(1+ η) =−1
2
I2

I2∗
α(1+ η). (B.6)

The calculated η for all the resonators are shown in tables C1
and C2. We can see η is generally much smaller than 1,
especially for resonators with narrower inductor width below
20 µm. This indicates δLk,frame is negligible compared to
δLk,ind, although the IDC frame contributes significant induct-
ance to the total inductance. Therefore it is a good approx-
imation to only consider the kinetic inductance change of the
narrow inductor strip.

Appendix C. Resonator designs and parameters

The main design parameters (wind and lind) and measured
parameters ( fr0, Q, etc) for resonators on Chip1 is listed in
table C1. The value of lind/wind is roughly fixed so that all res-
onators have resonance frequencies around 1 GHz. The reson-
ators are all coupled to a 50 ohm feed-line and the size of the
diced chip is about 5 mm ×10 mm.

The main design and measured parameters for resonators
on Chip2 is listed in table C2. Chip2 has 9 resonators, which
can be classified into 3 groups: Group 1 contains Res. 1–3 with
wind = 5 µm, Group 2 contains Res. 4–6 with wind = 10 µm,
and Group 3 contains Res. 7–9 withwind = 20 µm. Each group
has three resonators with different lind. The measured reson-
ance frequencies are distributed in a larger span from about 0.6
to 1.5 GHz. Note that for Res. 9 with short and wide inductive
strip, η is not negligible.

9
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Table C1. Design and measured parameters for Chip1.

Res. wind (µm) lind (µm) fr0 (GHz) Q (×103) Qc (×103) Qi (×103) η

1 1 52 1.0249 22.8 26.2 172.8 1.31× 10−4

2 2.5 140 1.0658 18.2 19.7 184.7 8.90× 10−4

3 5 290 1.0677 12.7 13.4 186.0 3.60× 10−3

4 10 590 1.0643 13.1 14.0 189.7 1.48× 10−2

5 10 590 1.0649 42.1 53.2 185.5 1.48× 10−2

6 20 1180 1.0548 15.9 17.0 187.9 6.13× 10−2

7 30 1770 1.0403 18.1 20.1 177.7 0.14

Table C2. Design and measured parameters for Chip2.

Res. wind (µm) lind (µm) fr0 (GHz) Q (×103) Qc (×103) Qi (×103) η

1 5 1150 0.6420 38.8 43.8 342.4 9.40× 10−4

2 5 570 0.8525 21.3 21.3 259.1 1.90× 10−3

3 5 290 1.0660 15.2 16.2 178.6 3.60× 10−3

4 10 1160 0.8450 26.8 28.7 265.9 7.60× 10−3

5 10 590 1.0621 20.1 22.1 187.0 1.48× 10−2

6 10 300 1.2667 12.2 13.0 146.2 2.84× 10−2

7 20 1180 1.0548 14.7 15.4 198.1 6.14× 10−2

8 20 620 1.2521 17.1 18.9 146.6 0.11
9 20 320 1.4207 13.8 14.8 122.3 0.22
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