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ABSTRACT

We study the optical pulse response of a superconducting half-wavelength coplanar waveguide (CPW) resonator. We apply a short optical
pulse to the center strip of the CPW resonator, where the current distribution shows antinodes or nodes for different resonance modes, and
measure the frequency response. We develop a time-dependent variable inductance circuit model with which we can simulate the optical
pulse response of the resonator. By fitting this model to experimental data, we extract the temporal kinetic inductance variations, which
directly reflect the quasi-particle recombination with time and diffusion in space. We also retrieve the spatial size of the quasi-particle distri-
bution and the quasi-particle diffusion constant. Our study is very useful for the design of photon-counting kinetic inductance detectors, and
the method developed in this work provides a useful way to study the quasi-particle dynamics in the superconductor.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0052826

Superconducting micro-resonators1 have important applications in
sensitive photon detection. For example, microwave kinetic inductance
detectors (MKIDs)2–4 are made from high-quality factor (high-Q) super-
conducting thin film resonators. Because MKIDs can be easily incorpo-
rated into a large array, they have been widely used in detecting weak
photon flux at sub-millimeter and millimeter wavelengths for astrophys-
ical and imaging applications.5–9 MKIDs have also demonstrated a good
capability to count single photons and resolve photon energy at infrared,
visible, and x-ray wavelengths.10–17 For these photon-counting applica-
tions, it is necessary to have an in-depth understanding of the optical
pulse response of superconducting micro-resonators in the time domain.
This is important not only for the detector design but also for under-
standing the quasi-particle (QP) dynamics18–23 and other underlying
physics in superconducting thin film devices.

It is known that a non-equilibrium distribution of quasi-particles
(QPs) will be quickly created (typically within a few nanoseconds) in
the superconductor after the absorption of an energetic photon.24–26

Then, the QPs diffuse in the superconductor and recombine. This QP
recombination process normally lasts for a few microseconds to a few
milliseconds,27–33 mainly depending on the superconducting material,

film thickness, and substrate of choice. The temporal and spatial evo-
lution of QP density and distribution simultaneously changes the
kinetic inductance (also resistance) of the superconducting film, result-
ing in a pulsed change in the resonance frequency, which can be read-
out in a time-domain homodyne measurement.

In this paper, we study the optical pulse response of a supercon-
ducting aluminum (Al) half-wavelength coplanar waveguide (CPW)
resonator. We apply a short optical pulse to the center of the CPW,
where the current distribution shows antinodes or nodes for different
resonance modes, and we measure the corresponding frequency
responses. We develop a time-dependent variable inductance circuit
model to simulate the optical pulse response of the resonator. By fit-
ting the measured data to our model, we have retrieved the temporal
kinetic inductance variation profile, which directly reflects the QP
recombination process in the time domain because the kinetic induc-
tance change is linear with the QP density in thin superconducting
films.34 We also use a method to estimate the spatial distribution of
QPs with time and the QP diffusion constant, by considering the
position-dependent current distribution and comparing the response
of odd resonance modes to even resonance modes.
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As shown in Fig. 1(a), we study a half-wavelength CPW resona-
tor with length l and coupling capacitors Cc on both the input and out-
put ends. The characteristic impedance of the CPW is given by

Z0 ¼
ffiffiffiffiffiffiffiffiffi
~L=~C

q
� 50 X, where ~L and ~C are the distributed inductance

and capacitance per unit length, respectively. At resonance frequencies
fn ¼ nf1, the microwave signal can pass through the circuit, and reso-
nance peaks can be observed in transmission (S21) measurements.

Here, n ¼ 1; 2;… is the resonance mode index and f1 ¼ 1= 2l
ffiffiffiffiffiffiffi
~L~C
p� �

is the fundamental resonance frequency. On the nth resonance, the
current amplitude distribution shows a standing-wave pattern
along the CPW and follows the position-dependent relation
IðxÞ ¼ Im sin ðnpx=lÞ, where x is the position and Im is the maximum
current amplitude.

It can be derived (see the supplementary material) that around
the resonance frequency, the half-wavelength CPW behaves like an
equivalent RLC parallel resonance circuit, which is shown in Fig. 1(b).
In the following, we define the effective lumped-element capacitance
and inductance as L ¼ 2l~L=p2 and C ¼ l~C=2. Then, the equivalent
circuit parameters [in Fig. 1(b)] for the nth resonance mode are given
by

Cn ¼ C; Ln ¼
1
n2

L; Rn ¼ QnZr ; (1)

where Qn ¼ xnRnCn is the total quality factor for the nth resonance
mode and Zr ¼

ffiffiffiffiffiffiffiffiffi
L=C

p
¼ 2Z0=p is the resonator impedance. These

parameters set the resonance frequencies at fn ¼ 1= 2p
ffiffiffiffiffiffiffiffiffiffi
LnCn
p� �

¼ nf1, where f1 ¼ 1= 2p
ffiffiffiffiffiffi
LC
p� �

is the fundamental resonance
frequency.

As shown in Fig. 2(a), we fabricate a l¼ 59.26mm-long half-
wavelength CPW resonator, which is made from a superconducting
Al film (�120 nm thick and sheet resistance �0:8 X/�) deposited
and patterned on a high-resistivity Si wafer (76.2mm in diameter) by
magnetron sputtering, standard photolithography, and wet etch. The
designed width of the center strip is 15 lm, and the gap between the
center strip and ground is 15lm. The designed fundamental

frequency is about 1GHz. For such a thin-film CPW transmission
line, one can estimate its kinetic inductance fraction35 to be about
1.2%. The CPW resonator is coupled at each end through a small
capacitance to the input/output ports, and the designed coupling qual-
ity factor (Qc) for n¼ 1 resonance is about 50� 103.

The resonator device is mounted in a circular copper sample hol-
der with input and output ports. As shown in Fig. 2(b), a 1550 nm
LED illuminates a small area around the center of the CPW through a
collimator hole on the lid. The assembly, with the resonator wafer in
the holder with lid and LED, is mounted on the mixing chamber
(MC) stage in a dilution refrigerator (DR) and cooled down to a base
temperature of 50 mK. We first measured the transmission S21 of the
resonator in the dark by using a vector network analyzer (VNA). The
transmission peak of the first resonance is plotted in Fig. 2(d), showing
that the fundamental frequency is f1 ¼ 0:969 87GHz and
Q1 ¼ 50:1� 103, which agree well with our design. The frequencies

FIG. 1. (a) A half-wavelength CPW resonator with coupling capacitors to input/out-
put port. The three dotted curves (red, green, and blue) show the current amplitude
distribution for the first three resonance modes (n¼ 1, 2, and 3), respectively. The
red point represents the center position of the CPW that is illuminated by the LED.
(b) On the nth resonance, the CPW is equivalent to a lumped-element RnLnCn res-
onance circuit with a current source Iin.

FIG. 2. (a) A photo of the Al CPW half-wavelength resonator mounted in a circular
sample holder (made from oxygen-free copper) with input/output SMA connectors.
(b) A small hole (about 1 mm in diameter) is drilled on an aluminum lid (about 2 mm
thick) as a collimator. The collimator hole is aligned with the center position of the
resonator. The vertical distance between the aluminum lid and the superconducting
film is about 2 mm. A 1550 nm LED (about 0.8 mm in diameter) is placed on top of
the collimator hole, so that the LED illuminates a small area around the resonator
center. The backside of the lid is painted black to minimize the light reflected and
scattered inside the sample box. (c) Micrograph of the CPW transmission line
through the collimator hole. The transmission line is placed in the middle of the field
of view. (d) The measured transmission (S21) of the fundamental resonance. (e)
The measured resonance frequencies of the first six resonance peaks. (f) The total
quality factor for the first six resonance modes at temperatures 50 and 350 mK.
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of the first 6 resonance peaks are shown in Fig. 2(e), and the linear
spacing between the resonance frequencies agrees well with the theory
fn ¼ nf1. Figure 2(f) shows the total quality factor Qn for the first six
resonance modes at temperatures 50 and 350 mK.

For the optical response measurement, we use a function genera-
tor at room temperature to drive the LED to emit optical pulses with a
short width of 200ns at a repetition rate of 120Hz. The optical pulse
width is short enough to generate excess quasi-particles (due to exter-
nal pair breaking) while avoiding the production of thermally excited
quasi-particles.34,36 As shown in Fig. 3(a), a standard homodyne
scheme is used to readout the resonator responses. We probe the reso-
nators at the first six resonance frequencies. The microwave power is
chosen to be far below bifurcation power to avoid strong non-linear
effects in the resonator, and the resonator responses show little micro-
wave power dependence in the weak power regime. For each optical
pulse, the corresponding response of the detector is digitized at a sam-
pling rate of 2.5 MS/s. Figure 4(a) shows a typical resonator response
in the complex plane. The raw data are then converted to the
frequency and dissipation responses. We only further analyze the
frequency response data to retrieve the kinetic inductance effects.

The fractional frequency shift dfn=fn at 50 mK for the first six res-
onance modes is plotted as blue curves in Fig. 4(b). Note that the fre-
quency responses for resonance modes n¼ 1, 3, and 5 are much larger
than the responses for modes n¼ 2, 4, and 6. This is expected because
the illuminated region is an antinode with maximum current ampli-
tude for odd resonance modes and a node with minimum current
amplitude for even resonance modes. Although the same optical pulse
is applied to the current antinodes, the n¼ 1, 3, and 5 resonance
responses measured at the mixer output exhibit a few different features
in several aspects, including response times, decay rates, and pulse
heights, due to different Qn and resonator bandwidth. It is known that
for small perturbations in impedance, the resonator circuit acts as a
low-pass filter with a bandwidth equal to the resonator’s bandwidth
fn=2Q.

37 In the adiabatic limit (slow change), the frequency response
will be proportional to the impedance change. In order to study the
resonator response in general situations (without approximation on
amplitude and rate of impedance change), we develop a variable
inductance circuit model, which can simulate the resonator response
for any impedance variations. Therefore, our model can serve as a

more general and quantitative approach to analyze the optical pulse
response of microwave resonator.

Our variable inductance circuit model is shown in Fig. 3(b),
which is based on the equivalent resonance circuit in Fig. 1(b). In sim-
ulation, the voltage across the variable inductor satisfies the Faraday’s
law, i.e., VðtÞ ¼ LðtÞdðIðtÞÞ=dt þ IðtÞdðLðtÞÞ=dt. Refer to the
supplementary material for more details on this model.

Due to the photon-induced changes in the QP density, the per-
turbed distributed inductance d~Lðx; tÞ of the superconducting CPW
will vary as a function of position and time. From a modal analysis,38

one can derive that the equivalent inductance variations are weighted
by the square of the current distribution along the CPW, and the
time-dependent fractional inductance change for the nth resonance
mode is given by

dLn tð Þ
Ln

¼ 2

l~L

ðl
0
d~L x; tð Þ sin2

npx
l

dx: (2)

However, d~Lðx; tÞ is usually hard to know because of the com-
bined effects of QP recombination and diffusion.17,18 In order to dis-
entangle these two effects, we make a simple but reasonable
assumption that d~Lðx; tÞ can be approximately determined by pure
recombination weighted by a Gaussian distribution factor, i.e.,

d~Lðx; tÞ ¼ d~LðtÞ r0
rðtÞ e

�ðx�x0Þ
2

2r2ðtÞ (see the supplementary material for more

details). Here, d~LðtÞ describes the pure QP recombination effect with-
out QP diffusion. Note that d~LðtÞ is usually not an exponential decay.
We also assume a Gaussian distribution of QPs, and the distribution

FIG. 3. (a) Pulse response measurement circuits. (b) Variable inductance circuit
method to simulate the optical pulse response of the resonator.

FIG. 4. (a) Optical pulse response (red curve) and resonance circle (blue curve) in
the I/Q complex plane. (b) Experimental frequency responses (blue curves) and
simulated frequency responses (red curves) for the first six resonances at 50 mK.
(c) Experimental frequency responses (blue curves) and simulated frequency
responses (red curves) for the first six resonances at 350 mK. (d) The extracted
dLn=Ln (n¼ 1, 3, and 5) at 50 and 350 mK, showing good agreements.
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width rðtÞ increases with time due to QP diffusion along the CPW.
r0 ¼ rðt ¼ 0Þ is the initial size of the light spot. Because of the size of
the collimator hole, r0 should be about 1mm, which is much shorter
than the microwave wavelength (a few centimeters) but longer than
the QP diffusion length in Al (a few hundred micrometers supposing
the QP lifetime are a few tens of microseconds). Then, Eq. (2) can be
rewritten as

dLn tð Þ
Ln

¼ d~L tð Þ
~L

2
l

ðl
0

r0

rðtÞ e
� x�x0ð Þ2

2r2ðtÞ sin2
npx
l

dx; (3)

which can be further expressed in a compact form,

dLn tð Þ
Ln

¼ d~L tð Þ
~L

AnðtÞ: (4)

From Eq. (4), one can see that the variation in the equivalent
inductance for the nth resonance mode is equal to the relative change
in the distributed inductance d~LðtÞ=~L multiplied by a time-dependent
factor AnðtÞ. As mentioned above, d~LðtÞ=~L describes the temporal
variations in the distributed inductance, which can be considered as a
direct reflection of the QP creation and recombination process. In the-
ory, d~LðtÞ=~L should be the same for all the resonance modes because
the same optical pulse is applied to the same position, and the photon-
device coupling is fixed. AnðtÞ is a resonance mode-dependent coeffi-
cient, which takes into account the spatial distribution of QPs and
current distribution. For a resonant microwave input signal and a
given variable inductance dLnðtÞ=Ln, one can calculate the dynamical
output voltage, which is then mixed with the input signal (reference
signal) and filtered by a low-pass filter. In this way, the optical pulse
response of the resonator can be simulated.

On the other hand, we can also use an iteration method (refer to
the supplementary material for more details) to reconstruct the induc-
tance pulse dLnðtÞ=Ln from experimental frequency response data.
Specifically, we use the falling stage of experimental frequency
response dfn=fn (n¼ 5) as the initial solution for dLnðtÞ=Ln because
the n¼ 5 resonance has higher resonance frequency and lower Q.
Therefore, the n¼ 5 resonance has a larger bandwidth and a shorter
response time, and its frequency response dfnðtÞ=fn is more similar to
dLnðtÞ=Ln in shape. For the rising stage of dLn=Ln, we assume a linear
slope to a maximum for the first 200 ns. With this trial solution, we
can simulate the corresponding pulse response for all the resonance
modes in the time domain. The deviation between the simulated
results and experimental data is used to correct the input dLnðtÞ=Ln.
After a few iterations, one can find a best match between the simulated
response and experimental response. Correspondingly, the best solu-
tion dLnðtÞ=Ln for all resonances can be obtained.

Figure 4(b) plots the experimental responses and simulated
responses for all the resonances at 50 mK, showing that the resonator
responses can be well simulated with experimental resonance parame-
ters. The corresponding dLn=Ln (magnitude is normalized to dL1=L1)
for n¼ 1, 3, and 5 is plotted as dashed curves in Fig. 4(d). One can see
that the shapes of extracted dLn=Ln are similar. For odd resonance
modes n¼ 1, 3, and 5, the illuminated position is an antinode with
maximum current amplitude and a flat current distribution, so that
AnðtÞ is not sensitive to QP diffusion and should be approximately the
same for n¼ 1, 3, and 5 resonances according to Eq. (4). Therefore,
the profile of dLn=Ln mainly depends on the pure recombination

d~LðtÞ=~L, which is not resonance mode dependent. In other words,
with our method, one can extract the real quasi-particle dynamics by
removing the resonance circuit effects. For comparison, we also plot
the experimental responses and simulated responses for all the reso-
nances at 350 mK in Fig. 4(c). At higher temperatures, the Q of all the
resonances is lowered [see Fig. 2(f)]. Therefore, the pulse responses at
350 mK show some different features (e.g., shorter response time,
faster relaxation, and different pulse height), compared to the results
at 50 mK. Figure 4(c) shows that the experimental results can be also
well simulated at 350 mK. The extracted and normalized dLn=Ln for
n¼ 1, 3, and 5 at 350 mK is plotted as solid curves in Fig. 4(d), which
are also close to each other.

For even resonance modes (n¼ 2, 4, and 6), the optical pulse
responses can also be well simulated, but requiring a much slower fall-
ing stage of dLn=Ln than odd resonance modes. This can be mainly
attributed to QP diffusion around the current nodes, where current
amplitude increases rapidly away from the nodes. By taking advantage
of this effect, one can estimate the QP diffusion constant from experi-
ments. Based on Eqs. (3) and (4), the ratios of dLn=Ln at time t
between odd resonance modes and even resonance modes depend
sensitively on the QP width rðtÞ. Note that the ratios of dLn=Ln
between even resonance modes or between odd resonance modes are
not sensitive to rðtÞ because of the similar position-dependent current
distribution. By calculating the ratios of dLn=Ln (n¼ 1, 3, and 5) to
dLn=Ln (n¼ 2, 4, and 6) and averaging the results, we can get rðtÞ as
a function of time. For t¼ 0, the initial width r0 of QP distribution
(without diffusion) is determined to be 1.27mm for 50 mK and
1.33mm for 350 mK, which are both consistent with the size of the
collimator hole. For a one-dimensional diffusion with Gaussian shape
and satisfying the Fick’s law, we have r2ðtÞ ¼ r2

0 þ 2Dt, where D is
the QP diffusion constant. Figures 5(a) and 5(b) plot r2ðtÞ with time
for 50 and 350 mK, respectively, showing a good linearity. From the
slopes, we can estimate D¼ 103 cm2/s at 50 mK and D¼ 187 cm2/s at
350 mK in our superconducting aluminum films. These values are rel-
atively larger than the QP diffusion constants reported in the litera-
ture,27–29 ranging from 22.5 to 100 cm2/s.

Here, we discuss the uncertainty in estimating the diffusion con-
stant. Actually, we can calculate the ratio of dLnðtÞ=LnðtÞ between
only one pair of odd and even resonance modes to estimate the QP
distribution width rðtÞ at time t. There are three odd resonance modes
(n¼ 1, 3, and 5) and three even resonance modes (n¼ 2, 4, and 6);
therefore, there are nine combinations of odd and even resonances

FIG. 5. (a) The extracted r2ðtÞ and a linear fitting with time at 50 mK. (b) The
extracted r2ðtÞ and a linear fitting with time at 350 mK. The data at longer time
show larger fluctuations due to decreasing signal to noise ratio.
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from which we can independently estimate the diffusion constant D
and the initial QP distribution width r0. The detailed results are sum-
marized in Table S1 in the supplementary material. At 50 mK, D is
estimated to be from 48 to 164 cm2/s, and r0 is estimated to be from
0.85 to 1.69mm. Similarly, at 350 mK, D is estimated to be from 85 to
250 cm2, and r0 is estimated to be from 0.97 to 1.76mm. We think
there are at least two reasons which may lead to a large uncertainty in
estimating D and a higher D value than the typical QP diffusion con-
stants in aluminum film reported in the literature. First, we did not
consider the effects that recombination time depends on QP density in
Eq. (4), which simply assumes the same d~LðtÞ for all resonance modes.
The ratio between odd and even resonance modes [e.g., dL1ðtÞ

L1
= dL2ðtÞ

L2
]

generally decreases with time, and this decrease is all attributed to the
diffusion effects (weighted by current distribution). In other words,
the contribution of the fast recombination at the illumination center
for resonance 1 is underestimated. Therefore, we see a wider QP distri-
bution width rðtÞ (faster diffusion) than its true value at time t, and D
is overestimated. The estimated D will be slightly smaller if we use
data at longer time, which is an evidence that the recombination time
is QP density dependent. Second, due to the high reflectivity of Al film
and larger collimator hole diameter (�1 mm), the incident photons
will be reflected and scattered inside the sample box. This may cause
the QPs to have a non-Gaussian distribution, which will complicate
the resonator response. These will be studied further in our future
experiments.

In conclusion, we have studied the optical pulse response of a
superconducting half-wavelength CPW resonator. We demonstrate a
variable inductance circuit method, which can well simulate the fre-
quency response of the resonator in the time domain. With this
method, we can remove the resonance circuit effects on the resonator
response and determine the temporal kinetic inductance variations
(i.e., the real quasi-particle recombination process). We also report a
method to estimate the time-dependent spatial distribution of quasi-
particles. This method uses the sensitivity of the resonator response to
the position-dependent current distribution, and one can compare the
resonator response between odd and even resonance modes to extract
diffusion parameters in the superconductor. Our work provides a gen-
eral approach to study the quasi-particle dynamics in the supercon-
ducting resonator devices and design the photon-counting MKIDs.

See the supplementary material for the derivation of equivalent
resonance circuit, detailed description on the variable inductance
model, and Gaussian diffusion model.
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