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Abstract
We originally develop a network analysis method to study the non-ideal superconducting
resonator circuits. We model the resonator device by a 3-block serial network, consisting of
input feedline, resonator-coupler and output feedline. We show that the resonance curve will be
modified if non-negligible discontinuity (reflection) exists at input or output side of the
resonator. The extracted resonance parameters (such as coupling quality factor Qc) from only
fitting the transmission deviate from their true values as originally defined in matched
impedance conditions, and the deviation depends on a single parameter which includes all the
non-ideal effects from the circuits. We prove that the internal quality factor Qi can be accurately
extracted from the modified transmission curve by using a very simple graphical method. Our
methods and results are quantitatively verified by both simulations and experiments on
superconducting microstrip resonators. Comparing to the usual circuit analysis, our network
analysis method is more intuitive and easier to understand. It can serve as a general tool to study
the non-ideal superconducting resonator circuits.

Keywords: superconducting resonator, superconducting circuits, kinetic inductance detector,
network analysis, quality factor, impedance mismatching

(Some figures may appear in colour only in the online journal)

1. Introduction

Superconducting micro-resonators [1] have been widely used
in many frontier research fields, such as photon detection [2],
superconducting quantum computing [3, 4], and quantum-
limited parametric amplifiers [5, 6]. In all these applications,
it is necessary to understand the resonance circuit and accur-
ately determine the resonance parameters, particularly the
quality factor. For example, microwave kinetic inductance
detectors (MKIDs) [7, 8] are pair-breaking photon detect-
ors based on high-quality (high-Q) superconducting thin-film
micro-resonators. For MKIDs, the coupling quality factor
(Qc), which describes the coupling strength of the resonator
and the feedline, is typically designed to be an appropriate
value (about 10× 103 ∼ 40× 103) for optimizing the detector
responsivity and dynamical range [9]. On the other hand, the

internal quality factor (Qi) describes the intrinsic losses. Qi is
required to be as high as possible (normally above 105 ≫ Qc),
and thus the total Q is usually limited by Qc. Qi is mainly
dependent on the substrate and the superconducting material
of choice [10–12]. Precise measurements of Qi with temper-
ature, microwave power and optical illumination are import-
ant tools to reveal the microscopic loss mechanisms and study
the dynamics of non-equilibrium quasi-particles in the device
[13–19].

Although there are many circuit models and fitting tech-
niques discussed in literature [20–22] for extracting important
resonator parameters, non-ideal electronic circuits can lead to
an asymmetry in the complex transmissions [19, 23], which
complicates the interpretation and determination ofQi andQc.
Reference [23] presents a circuit analysis method, showing
how asymmetry in the resonance line shape can arise from
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coupling the resonator to mismatched input and output trans-
mission impedance. The authors propose a diameter correction
method (DCM) for extracting an accurateQi. DCM is superior
to the widely used rotation method [15, 24, 25], which simply
adds an empirical rotation to the resonance circle and may
overestimate Qi.

In this paper, we describe a network analysis method,
which is more intuitive and easier to understand comparing
to the usual circuit analysis method [19, 23], to study the non-
ideal superconducting resonator circuits. The non-ideal circuit
effects are mainly from the impedance mismatched transmis-
sion line, therefore wemodel the resonator device by a 3-block
serial network: the input feedline, the resonator-coupler and
the output feedline. It shows that if non-negligible discontinu-
ity (reflection) exists at input or output side of the resonator,
the resonance curve will be modified from its original shape
and become asymmetric. The total quality factor Q, coup-
ling quality factor Qc and resonance frequency f r extracted
from only fitting the complex transmission data (S21) devi-
ate from their true values in the matched impedance condi-
tions. We find that the deviation scales with a single parameter
which accounts for all the non-ideal effects from the feedline.
Besides, we prove that the internal quality factor Qi can be
accurately obtained from the modified transmission curve by
using a very simple graphical method, which is essentially the
same as DCM but easier to implement. Our results are quantit-
atively verified by both simulations and experiments on super-
conducting microstrip resonators.

2. Network analysis method

We first consider a simple resonator-coupler’s 2-port network
(as shown in figure 1(a)), where a resonator is coupled to a
lossless 50 ohm transmission line and the two ports are both
impedance matched ports. It can be derived that the trans-
mission (as a function of frequency) through this resonator-
coupler’s 2-port network (after removing the cable delay
effects of the transmission line) is [26, 27]

S21( f) = S12( f) = 1−ϕ( f) (1)

and

ϕ( f) =
Q/Qc

1+ 2jQ( f−fr
fr
)

(2)

where we define Q, Qc, Qi and f r as the true values of the total
quality factor, coupling quality factor, internal quality factor
and resonance frequency respectively. For an ideal resonator-
coupler block with matched impedance, one can easily obtain
the true values of resonance parameters by fitting equation (1).
Note that equation (1) holds for weak feedline-resonator coup-
ling limit (Qc ≫ 1) [27], which is well satisfied in the usual
MKID applications. Q, Qc and Qi are connected by the rela-
tion 1/Q= 1/Qc+ 1/Qi. One can also obtain the reflection of
this resonator-coupler’s 2-port network:

S11 = S22 = ϕ (3)

Figure 1. (a) The ideal resonator-coupler’s 2-port network. A
resonator is coupled to a 50 ohm feedline and the impedance of both
ports is also 50 ohm. (b) The original reflection curve ϕ (red) and
transmission curve (blue) in complex plane. The arrow shows the
direction of increasing frequency.

As shown in figure 1(b), ϕ defines a circle (red) in the com-
plex plane, with its off-resonance point at origin ϕ( f=∞) =
0, on-resonance point on the positive x-axis ϕ( f= fr) = Q/Qc

and the diameter being d=Q/Qc. Therefore the transmission
curve S21 = 1−ϕ shows the same circle but flipped and trans-
lated, as shown by the blue curve in figure 1(b). Hereafter
we call this curve the original resonance (transmission) curve,
which has the feature that the circle is ‘facing the origin’, i.e.
the line connecting the off-resonance point and on-resonance
point extends to the origin. Therefore the original resonance
curve is symmetric.

Now we consider a real resonator device, which is shown
in figure 2(a). The resonator chip is glued onto a gold plated
copper box with two 50 ohm SMA connectors. The center pin
of each connector is soldered to the feedline on a printed cir-
cuit board (PCB), which is designed to have a characteristic
impedance of 50 ohm. The feedline on the chip, which is also
designed to be of 50 ohm impedance, is connected to the PCB
feedline by a few Aluminum (Al) wires of 25 µm in diameter
and typically 2 ~ 6 mm in length. If the feedline before and
after the resonator is a perfect transmission line and impedance
is matched everywhere, one will obtain the original resonance
curve when measuring the transmission of the device with a
vector network analyzer (VNA), but we usually get a distorted
resonance curve in experiments. An obvious feature of the dis-
torted curve is that the circle is not always ‘facing the origin’
(see figure 3(a)). To understand this and some other features,
we have to take the non-ideal effects of the feedline into con-
sideration, i.e. the impedance is not matched everywhere on
the feedline thus the reflection at input side or output side of
the resonator is not negligible.

As shown in figure 2(a), we divide the whole device box
into three blocks (from left to right): input feedline block (from
the coaxial input port to before the resonator), the resonator-
coupler block, and output feedline block (from after the reson-
ator to the coaxial output port). The three blocks are in serial
connection and each block is modeled by a reciprocal 2-port
network element, with transmission and reflection coefficients
shown in figure 2(b). The transmission coefficients of input
(output) feedline block are t1 (t2), and the reflection coeffi-
cients are r1 and r′1 (r

′
2 and r2). Note that r1 and r

′
1 (r

′
2 and r2)

differ by a finite phase. Strictly speaking, these coefficients
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Figure 2. (a) Real device modeled by a 3-block serial network. The
white line represents the on-chip feedline and resonator. The yellow
lines represent the bonding wires. (b) Block diagram and signal flow
graph with transmission (reflection) coefficients for all branches,
which are used to calculate the total transmission and reflection of
the whole device.

are frequency dependent. Here we assume that in the narrow
frequency bandwidth of resonance they are flat enough to be
taken as constants. In figure 2(b), we also construct a signal
flow graph, which can give an intuitive graphical illustration
of the microwave network behavior. The signal flow graph can
then be reduced to a single branch between two nodes using
some basic decomposition rules [28], and one can derive the
desired wave amplitude ratios to calculate the S-parameters.

It can be derived (see appendix) that the total transmission
S21 of the serial 3-block network is

S21 =
t1t2(1−ϕ)

(1− r′1r
′
2)+ (−r′1 − r′2 + 2r′1r

′
2)ϕ

(4)

Equation (4) can also be written in a compact form as

S21 = T
1−ϕ

1+ uϕ
(5)

T=
t1t2

1− r′1r
′
2

u=
−r′1 − r′2 + 2r′1r

′
2

1− r′1r
′
2

Physically speaking, T is the background transmission of the
feedline in the absence of resonator and can be taken as a com-
plex scaling factor which only scales and rotates the whole ori-
ginal resonance curve around the origin. If we normalize S21

by T, the original resonance curve will be modified from 1−ϕ
to 1−ϕ

1+uϕ . This is a bilinear transformation which will transform
a circle (1 - ϕ) to another circle (the modified transmission
curve). Here u is a complex number and the only parameter
which includes all the non-ideal effects from the feedline on
the resonance curve. After a little math, the normalized S21
can be reduced to a simple expression that is commonly used
in references [24–26, 29]:

S′21 =
S21
T

= 1−
Q/Qc(1+u)
1+urQ/Qc

1+ 2jQ(x+ui/2Qc)
1+urQ/Qc

(6)

= 1− Q′/Q′
ce
jθ

1+ 2jQ′x′

where ur (ui) is the real (image) part of u and x= f−fr
fr
. We

also define a set of modified resonance parameters, which are
related to their true values by:

Q′ =
Q

1+ urQ/Qc
(7)

Q′
c =

Qc

|1+ u|

f′r = fr(1−
ui
2Qc

)

where Q′ is the modified total quality factor, Q′
c is the

modified coupling quality factor, f′r is the modified reson-

ance frequency, x′ = f−f′r
f′r

= x+ ui/2Qc and 1+ u= |1+ u|ejθ
(θ= ang(1+ u)).

If we carry out the normal fitting procedures [26] on the
measured transmission based on equation (6), we will get
modified resonance parameters Q′, Q′

c, and f
′
r instead of their

true values and the deviation scales with the feedline para-
meter u. For perfect impedance matching, u= 0, the modi-
fied resonance parameters go back to their true values. For
non-negligible reflection at input or output side of the res-
onator (r′1 ̸= 0 or r′2 ̸= 0), u modifies the resonance paramet-
ers. Note that Q′

c can be higher or lower than Qc, depend-
ing on the magnitude of 1/|1+ u|. The fractional resonance
frequency shift is given by ( f′r− fr)/fr =−ui/2Qc. Because
ui/2Qc is quite small (on the order of the resonator’s band-
width), the resonance frequency will be shifted slightly (down
or up depending on the sign of ui). It can also be shown
that the maximum wave amplitude inside the resonator occurs
at f′r.

From the modified transmission, we can also get the rota-
tion angle θ, which describes a rotation of the resonance curve
around the off-resonance point. Whenever u has a nonzero
imaginary part, there will be a rotation and the resonance
curve becomes asymmetric. Figure 3(a) shows the geomet-
rical relation between the original resonance curve (with dia-
meter Q/Qc) and the modified resonance curve (with diameter
Q′/Q′

c). The modified resonance curve and the real axis cross
at point A, which is also the horizontal projection of the mod-
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Figure 3. (a) The modified transmission curve (red circle) and
original transmission curve (blue circle) in the complex plane. O is
the origin, B is the off-resonance point, and A (green star) is the
intersection of modified resonance curve and the real axis. f r (blue
star) and f′r (black star) represent the on-resonance point of the
original and modified resonance circle respectively. |OB|= 1 if we
normalize both resonance curves to the background feedline
transmission T, which does not affect the relative geometrical
relations between these two resonance curves. θ is the rotation angle
that the modified resonance circle rotates around B. (b) The original
(symmetric) |S21|2 (blue) and modified (asymmetric) |S21|2 (red).

ified resonance point (f′r). With the relations in equation (7), it
can be easily derived that:

|OA|
|OB|

= 1− Q′

Q′
c
cosθ =

Q′

Qi
(8)

This suggests that one can accurately extract the true internal
quality factor Qi from the modified transmission curve, by
using normal fitting procedures to get Q′ and then calculating
as

Q′
i =

|OB|
|OA|

Q′ = Qi (9)

Here, Q′
i is the extracted internal quality factor using the

above graphical method, and in theory Q′
i should be equal to

its true value Qi. We want to emphasize that our graphical
method is essentially equivalent to DCM. In both methods,
one needs to firstly fit the same resonance circle to obtain the
on-resonance point (f′r), off-resonance point (B) and the total
quality factor (Q′). However, our graphical method provides a
direct connection between Q′

i and Q
′ (equation (9)), which is

the simplest and most intuitive expression to obtain Q′
i . With

graphical method, one can quickly obtain Q′
i by projecting

on-resonance point (f′r) onto |OB| to get the ratio |OB|/|OA|.
For DCM, one needs to further determine the fitting paramet-
ers Q′

c and θ in order to calculate Q′
i by using the relation

1/Q′
i = 1/Q′ − cosθ/Q′

c. Although this relation in DCM is in
theory equivalent to equation (9), our graphical method brings
the ease of understanding and implementing in the determina-
tion of Q′

i .

Resonator-coupler

Input feedline Output feedline

inw outw
1 2

Figure 4. Schematics of the simulated 2-port microstrip resonator
device, which can be divided into 3 blocks. The impedance of both
ports are 50 ohm. The device is modeled as a single metal layer
(with kinetic inductance 85 pH/sq) on 380 µm thick Silicon
substrate (grey area). In the middle (blue), a lumped-element
resonator is coupled to a short 470 µm wide transmission line with
50 ohm characteristic impedance. The gap between the resonator
and the 50 ohm transmission line is fixed at 60 µm. The width of the
input (output) feedline (red) is win (wout), which can be adjusted to
create various degrees of impedance mismatches. The lengths of
input and output feedline are fixed at 15 mm in all simulations. The
dissipation can be introduced and varied by tuning the dc sheet
resistance Rdc of the metal layer.

3. Simulations

To test our 3-block network model and graphical method for
extracting Qi, we simulate the transmission of a 2-port super-
conducting microstrip resonator device using a numerical lin-
ear solver (Sonnet). As shown in figure 4, the 2-port reson-
ator device consists of 3 serial blocks, which are input feed-
line block, middle resonator-coupler block, and output feed-
line block. We can simulate both the total transmission of the
whole device and the transmission (reflection) of each block,
so we are able to obtain the feedline parameter u, extract the
true and modified resonance parameters, and then verify their
relations (equation (7)).

We first study the effects of impedance mismatches. If we
simulate only the middle resonator-coupler block, we will get
a resonance frequency f r = 0.984 405 GHz, coupling quality
factorQc = 17.20× 103, internal quality factorQi = 121.94×
103 and total quality factor Q= 15.07× 103. These are the
true values of the resonance parameters because resonator-
coupler block is impedance matched. We then create and
adjust impedance mismatches by varying the width of input
(output) feedline to change their characteristic impedance Rin
(Rout). Table 1 lists the calculated u and extracted resonance
parameters (Q′

c,Q
′
i , f

′
r) under different impedance mismatch-

ing conditions. Note that in the real calculations of u, we have
taken into account the effects of the finite length of the middle
50 ohm transmission line. For impedance matching (the width
of input and output feedline is 470 µm) or slightly impedance
mismatching conditions (the width of input and output feed-
line is 560 µm), u≈ 0 and the extracted resonance parameters
are very close to their true values. If we increase the impedance
mismatching level, u is not negligible, the extracted Q′

c and
f′r deviate from Qc and f r, which all quantitatively agree well
with their relations (equation (7)) derived from the 3-block
model. However, for all impedance mismatching situations,
the extracted Q′

i is very close to Qi (within 2.0% accuracy),
validating our graphical method.
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Table 1. The extracted resonance parameters and calculated feedline parameter u from simulations under different impedance mismatching
conditions by varying the feedline width. Note that in the last row, we insert two ideal inductors (1 nH, 2 mm long) into the input and output
feedline, to simulate the wirebond effects. For comparison, the true resonance parameters are: f r = 0.984 405 GHz, Qc = 17.2× 103,
Qi = 121.9× 103 and Q= 15.1× 103.

win(µm) wout (µm) Rin(ohm) Rout(ohm) u Q′
i(10

3) Q′
c(10

3) Q′(103) f′r (GHz)

470 470 50 50 −0.004 − 0.001i 121.9 17.2 15.1 0.984 405
300 300 65.5 65.5 −0.096 + 0.003i 122.0 19.1 16.5 0.984 404
560 560 45 45 0.073 + 0.003i 122.1 16.2 14.3 0.984 404
800 800 35.6 35.6 0.387 + 0.183i 124.4 12.3 11.3 0.984 399
100 100 116.3 116.3 0.613 + 0.099i 122.0 10.7 9.8 0.984 403
100 300 116.3 65.5 −0.098 − 0.412i 121.9 17.5 16.6 0.984 415
300 800 65.5 35.6 0.016 − 0.492i 121.4 15.3 14.9 0.984 419

470(1 nH) 470(1 nH) 50.4 50.4 −0.345 − 0.059i 121.9 26.1 21.6 0.984 406

Table 2. The extracted resonance parameters and calculated feedline parameter u from simulations at different dissipation levels by varying
the surface resistance. The impedance mistatching is fixed by setting the width of input and output feedline at 800 µm (refer to
corresponding row in table 1).

Rdc (ohm/sq) Qi(103) Qc(103) Q(103) u Q′
i(10

3) Q′
c(10

3) Q′(103) f′r(GHz)

80× 10−6 7.6 17.2 5.3 0.388 + 0.183i 7.6 12.3 4.7 0.984 399
30× 10−6 20.3 17.2 9.3 0.388 + 0.183i 20.2 12.3 7.7 0.984 399
10× 10−6 61.0 17.2 13.4 0.388 + 0.183i 62.9 12.3 10.4 0.984 399
5× 10−6 121.9 17.2 15.1 0.388 + 0.183i 124.4 12.3 11.3 0.984 399
3× 10−6 203.1 17.2 15.9 0.388 + 0.183i 199.7 12.3 11.7 0.984 399
1.5× 10−6 406.4 17.2 16.5 0.388 + 0.183i 399.7 12.3 12.0 0.984 399

We then study the effects of dissipation while fixing imped-
ance mismatching (the width of input and output feedline
is fixed at 800 µm). We tune the dc sheet resistance Rdc of
the metal layer to change dissipation and thus vary Qi. For
instance, we have Qi = 121.9× 103 for the resonator-coupler
block by setting Rdc = 5× 10−6 ohm/sq. Table 2 lists the cal-
culated u and extracted resonance parameters at different dis-
sipation levels. One can see that u,Qc,Q′

c and f
′
r do not change

with dissipation. In the internal-Q limit where Qc ≫ Qi, the
extracted Q′

i is equal to its true value Qi. In the coupling-Q
limit where Qc ≪ Qi, the extracted Q′

i slightly deviates from
Qi with a deviation less than 1.7%. This is expected, because
for very high Qi approaching or above 106, point A (see fig-
ure 3(a)) is very close to the origin, which will degrade the
signal-to-noise ratio in the data analysis.

4. Experiments

To further test our method, we also analyze a set of trans-
mission data of superconducting microstirp TiN resonators.
As shown in figure 5(a), the resonator has a lumped element
design with an inter-digitated capacitor (IDC) shunted by an
inductive strip. The IDC has 5 µmfinger/gap width and a large
area ≈ 0.9 mm × 0.9 mm, which is much larger than the
inductive strip. The resonator device is made from a 20 nm
thick TiN/Ti/TiN trilayer film deposited on a high-resistivity
Si substrate. Such TiN resonators were initially developed for
feedhorn-coupled MKIDs demonstrating photon-noise lim-
ited sensitivity at submillimeter wavelengths [30] and photon-
counting MKIDs at telecommunication wavelengths [31]. We

place 5 similar resonators on the same chip and couple them to
the same 50 ohmmicrostrip transmission line. All the resonat-
ors have identical IDC. We vary the geometry of the inductor
strip to create a little frequency difference and the resonance
frequency is designed to be in a narrow frequency band of
0.94 ~ 0.96 GHz. The tested device is placed in a magnetic-
ally shielded copper box (see figures 5(b) and 2(a)) mounted
at 40 mK stage in an adiabatic demagnetization refrigerator
(ADR). The magnetic shielding can help reducing the loss due
to flux trapping at local sites. The resonator is driven at low
microwave excitation power limit and the output signal is amp-
lified by a low noise SiGe amplifier at 4 K before being further
amplified by a room temperature amplifier and then measured
by a VNA at 300 K.

As shown in figure 5(c), the measured resonance frequen-
cies of the 5 resonators are in the range of 1.05 ~ 1.07 GHz,
which are in good agreement with their designed values. Fig-
ure 5(d) shows the transmission of one resonator in the com-
plex plane, from which we can extract its experimental res-
onance parameters. The extracted Q′

i of all the 5 resonators
is shown in figure 5(e). One can see that Q′

i is approxim-
ately equal for all resonators and fluctuates around 182.5× 103

within a deviation less than 1.1%. The high consistency of
measured Q′

i is reasonable, because all the resonators have
identical IDC with a large area. It is believed that at ultra-
low temperature and low electric field, the two-level systems
(TLSs) on the metallization or substrate coupling to the capa-
citive parts of the circuits should be the dominant source of
loss [32]. Therefore, this result can be considered as an evid-
ence of the success of our graphical method to obtainQ′

i . Note
that we also use DCM to extract Q′

i and get the same results,

5
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Figure 5. (a) The lumped element design of the tested
superconducting TiN resonator. The IDC has a large area about
0.9 mm× 0.9 mm, much larger than inductor strip. (b) Magnetically
shielded sample box. (c) Measured |S21|2 and resonance dips. (d)
The graphical method to extract Q′

i . The blue circle is the measured
transmission at low excitation power, which can be fitted by the red
dashed circle using a phase-frequency relation. From fitting, one can
obtain the off-resonance point B (blue dot), circle center C (cyan
star), resonance frequency f′r (black dot) and modified total quality
factor Q′. The line |OA|, where O is origin, cross the transmission
circle at point A (green dot). Then Q′

i can be calculated according to
equation (9). (e) The extracted Q′

i for all the resonators. (f) The
designed Qc and experimental Q′

c for all the resonators.

confirming the agreement between DCM and our graphical
method. Figure 5(f) compares the designed Qc and experi-
mental Q′

c. The measured Q′
c shows fluctuations, but on aver-

age about 40% lower than its designed value. If we assume
the designed Qc is close to its true value, then it is likely that
the wire-bond, feedline on PCB, and soldered connectors in
this experiment somehow makes |1+ u| close to 1.7 and have
a little position dependence. This needs more experiments to
investigate. Besides, it is worth to note that Res. 2 and 3 are
designed to have exactly the same inductor and IDC, but with
different designed coupling quality factor Qc,des, showing that
Q′
i can be accurately extracted for both low and high Qc situ-

ations.

It is also interesting to extract the true Qc and the feed-
line parameter u from the measured resonance data. However,
equation (6) shows that the modified transmission is defined
by 4 independent parameters: Q′, Q′

c, f
′
r and θ. They are insuf-

ficient to pin down all the 5 unknown fitting parameters:Q,Qc,
f r, ur and ui (see equation (6)) from only the measured trans-
mission. To get across this problem, one may get more inform-
ation of u from the background transmission and the reflec-
tion S11 measurement (see appendix). One also needs to calib-
rate the transmissions and reflections of the cables before and
after the device box in experiments. This is our future research
interest.

5. conclusion

In summary, we have developed a 3-block network analysis
method to study the effects of impedance mismatched feed-
line to the superconducting resonance circuits. It is shown that
the non-ideal effects of circuits will modify the transmission
curve, from which the extracted resonance parameters (par-
ticularly Qc) are different from their true values as originally
defined in impedance matched conditions. We show that the
extracted resonance parameters are related to their true val-
ues by a single feedline parameter u, which includes all the
effects from the impedance mismatched feedline. We prove
the internal quality factor Qi can be accurately extracted from
the modified transmission curve by using a simple graphical
method. These results are quantitatively verified by both sim-
ulations and experiments on superconducting TiN resonators.
Our method is easy to understand, and provides a general
approach to analyze the non-ideal microwave resonant cir-
cuits.
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appendix: derivation of the S-parameter

Here we derive the S-parameter of the 3-block network based
on the signal flow graph [28] shown in figure 2(b). We first
derive S21 by considering the signal flowing from a1 to b2, and
the simplified signal flow graph is shown in figure A1(a). By
using splitting rule at nodes d1 and c2, figure A1(a) can be
reduced to figure A1(b), where d1 and c2 are split into two
separate nodes. Figure A1(b) can be further simplified to fig-
ure A1(c) by using self-loop rule at nodes c1 and d2, and using
series rule at nodes d1 and c2. Using splitting rule at d2, fig-
ure A1(c) can be reduced to a single branch between two nodes
(figure A1(d)), fromwhich the total transmission S21 (equation
(4)) can be easily obtained.

We then derive the total reflection S11 of the 3-block
network by considering the signal flowing from a1 to b1.
The simplified signal flow graph is shown in figure A2.
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Figure A1. The signal flow graph to derive S21 step by step.
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Figure A2. The signal flow graph to derive S11.

One can see that there are 3 signal flow paths contrib-
uting to reflection. The first path directly gives S11(1) =
r1. After a little math and neglecting higher order terms
like (1−ϕ)2r′1r

′
2, one can also work out the reflection

from the second path and third path, which are S11(2) =
t21ϕ

1−r′1ϕ
and S11(3) =

t21(1−ϕ)2r′2
1−r′1r

′
2+(−r′1−r′2+2r′1r

′
2)ϕ

. By using the par-
allel rule of signal flow graph, the total reflection is equal
to the sum of S11(1), S11(2) and S11(3). Therefore we
have:

S11 = r1 +
t21ϕ

1− r′1ϕ
(A1)

+
t21(1−ϕ)2r′2

(1− r′1r
′
2)+ (−r′1 − r′2 + 2r′1r

′
2)ϕ
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